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We propose a method for constructing the specific heat for the universe by following standard
definitions of classical thermodynamics, in a spatially flat homogeneous and isotropic spacetime. We
use cosmography to represent the specific heat in terms of measurable quantities, and show that a
negative specific heat at constant volume and a zero specific heat at constant pressure are compatible
with observational data. We derive the most general cosmological model which is compatible with
the values obtained for the specific heat of the universe, and show that it overcomes the fine-tuning
and the coincidence problems of the ΛCDM model.
PACS numbers:
I. INTRODUCTION
All the attempts made to understand the modern cosmological observations indicate the existence of a positive
acceleration that has been extensively measured in different surveys [1–6]. On the other hand, General Relativity
predicts a decelerated expansion, if one assumes that the universe is filled by dust only [7]. Thus, the universe turns out
to be dominated by a new ingredient that is responsible for the cosmic acceleration [8]. Unfortunately, this ingredient
forecasts a both surprising and unexpected negative Equation of State (EoS) [9–11]. The physical interpretation of
this exotic behavior reflects the need of counterbalancing the gravitational attraction [12]. Due to this anomalous
behavior, the unknown term to be added in the cosmological puzzle is usually referred to as Dark Energy (DE), filling
almost the 70% of the whole universe [13]. Thence, soon after the discovery of the anomalous dynamics of DE, the
former cosmological model was forced to be modified. Thus, thought as the likely most viable explanation, it has been
assumed that a cosmological constant Λ [14–17] should be included within the Einstein equations. The corresponding
model, the so-called ΛCDM paradigm, depicts a cold Dark Matter and a late-dominant counterpart represented by
the density of Λ [18], i.e. ΩΛ. Since the model excellently passes all the experimental tests, it strongly entered the
modern cosmological convictions, becoming the standard cosmological paradigm [19].
Unfortunately, two profound issues plague the model: the problems of coincidence and of fine-tuning [20]. Partic-
ularly, the coincidence points out that an impressive amount of available cosmic data predicts a matter density, Ωm
extremely close to ΩΛ. On the other hand, the fine-tuning issue poses several limits on the forecasted cosmological
constant and on the measured one. Due to these shortcomings, many other alternative explanations to the problem of
DE have been proposed in literature throughout the time [21–25]; however, a self-consistent explanation, both from
the theoretical and experimental points of view, seems to be so far out of reach [26].
On the other hand, many efforts have been made recently in order to analyze the thermodynamic properties of
cosmological models by using only the geometry of the space of equilibrium states [27, 28] 1. In particular, it turns
out that negative specific heats and non-extensive thermodynamic variables can be used to describe systems with
negative EoS’s [34]. This kind of systems can be studied further in the context of geometrothermodynamics [27], a
formalism that allows one to define and handle non-extensive variables, or by using non-extensive generalizations of
the concept of entropy [35].
In this work, we use the standard definitions of classical thermodynamics to define the specific heat at constant
volume and at constant pressure on a cosmological background, consisting of the Friedman-Lemaˆıtre-Robertson-
Walker spacetime and a perfect fluid as the source of the gravitational field. The formalism of cosmography [36–39]
is used to represent the specific heat in terms of cosmographic parameters whose values are determined indirectly
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1 A different approach takes into account quantum effects due to fluctuations with particle creation [29–33].
2from the observational data for the redshift and the luminosity distance2 [41, 42]. In addition, we will relate the
thermodynamic properties of the universe [43] with a cosmological model which is able to explain the DE effects,
using our thermodynamic assumptions only.
This paper is organized as follows: In Sec. II, we formulate the definition of the specific heat at constant volume
and at constant pressure and show that the corresponding thermodynamic potentials are positive as a consequence
of the weak energy conditions. In Sec. III, we present the main idea of cosmography and evaluate the cosmographic
parameters in the case of our universe. Sec. IV is devoted to the study of the specific heat in terms of the cosmographic
parameters. In Sec. V, we derive the most general cosmological model that is compatible with the values of the specific
heat of the universe. Finally, Sec. VI contains the discussions of our results and suggestions for further research.
II. SPECIFIC HEAT OF THE UNIVERSE
To describe the geometric and physical properties of the universe at large scales we assume the validity of the
cosmological principle. Then, the geometric properties are determined by the Friedman-Lemaˆıtre-Robertson-Walker
(FLRW) line element
ds2 = dt2 − a(t)2
[
dr2 + r2
(
sin2 θdφ2 + dθ2
) ]
, (1)
where, in accordance with observations, we assume a zero spatial curvature. For a perfect fluid source, the Einstein
equations reduce to the Friedman equations
H2 =
8piG
3
ρt , H˙ +H
2 = −
4piG
3
(
3P + ρt
)
, (2)
where the dots represent the derivative with respect to the cosmic time t.
The perfect fluid is the source of the gravitational field of the universe at large scales, and can also be interpreted
intuitively as a thermodynamic system [44]. Moreover, it can be shown that the laws of thermodynamics are math-
ematically consistent with an isotropic and homogeneous geometric background [45]. In fact, using the first law of
thermodynamics one can derive an expression for the temperature of the universe whose predictions are in agreement
with the observations of the cosmic background radiation [46–49]. Then, following standard definitions of classical
thermodynamics [50], we introduce the specific heat
C ≡
∂Uˆ
∂T
, (3)
where the energy function Uˆ determines the type of specific heat. Indeed, according to the standard definitions of
internal energy U and enthalpy h, the following relations hold
CV =
∂U
∂T
, CP =
∂h
∂T
, (4)
representing the specific heat at constant pressure P and constant volume V , respectively.
For the FLRW model, the energy and enthalpy of the universe can be computed as
U = V0ρta
3 , h = V0 (ρt + P ) a
3 , (5)
where we considered the evolution of the volume up to the first order as V = V0a
3, with V0 being at least proportional
to the universe’s radius 1
H0
. Furthermore, if we assume the weak energy conditions ρt ≥ 0 and ρt + P ≥ 0, it follows
that U and h are positive quantities3. In general, the assumption V = V0a
3 fulfills the weak energy condition, although
other approaches suggest that the volume can be function of the apparent horizon, i.e. r ∝ H−1 [51]. The choice
V ∝ r3 = V0H
−3 would reproduce a causal region with the entropy proportional to H−2. However, to characterize
the specific heats, we are interested in the small redshift regime, i.e. z ≪ 1. Thus, under the limits of small z, one
2 The luminosity distance is not the only observable that can be used to determine the cosmographic parameters. For a different approach
see, for instance, [40].
3 Notice that, despite the total density must be positive, the individual species may be negative, without violating the weak energy
conditions.
3can first approximate the volume with the simplest choice of V ∝ a3, without contradicting the causality condition
[52].
Our goal is to analyze the time dependence of the specific heat. For comparisons with observational data, however,
it is more convenient to use the redshift z which is defined by means of the standard relationships a = 1
1+z
and
dz
dt
= −(1 + z)H . Then, C = dU˜
dz
(
∂T
dz
)−1
, and using Eq.(5) and the Friedman equations, we obtain
CV =
1
T ′
dU
dz
=
3V0a
3
8piGT ′
(
dH2
dz
− 3aH2
)
, (6)
and
CP =
1
T ′
dh
dz
=
1
T ′
dU
dz
+
V0a
3
T ′
(
dP
dz
− 3aP
)
, (7)
where the prime denotes differentiation with respect to the redshift parameter z.
III. COSMOGRAPHY OF THE UNIVERSE
The aim of cosmography is the study of the kinematic quantities that characterize the cosmological scenario, without
using any particular theory that dictates the dynamics of the gravitational field. For this reason, cosmography is also
called cosmokinetics, or kinematics of the universe. To develop the formalism of cosmography, it is necessary to
specify only a particular model for the spacetime. If we assume the FLRW model, it is clear that the only the scale
factor must be considered. Then, the Taylor expansion of a(t) can be written as follows [53]
a(t) = a0
[
1 +H0∆t−
q0
2
H20∆t
2 +
j0
6
H30∆t
3 + . . .
]
, (8)
where the subscript 0 indicates that the corresponding parameters are are evaluated at z = 0. The deceleration q and
jerk j are defined as
q = −
d2a
dt2
(
H2a
)−1
, j =
d3a
dt3
(
H3a
)−1
. (9)
Alternatively, one can also use the Hubble parameter to obtain
H˙
H2
= − (q + 1) ,
H¨
H3
= 2 + j + 3q . (10)
Using Eqs. (8) and (9), it is possible to expand the luminosity distance
dl = (1 + z)
∫ z
0
dυ
H(υ)
, (11)
in terms of the redshift z, as follows
dL =
1
H0
[
z +
1
2
(
1− q0
)
z2 +
1
6
(
3q20 + q0 − j0 − 1
)
z3 + . . .
]
. (12)
Since the observational data includes the redshift and the luminosity distance, one can now use the cosmographic
series (12) to determine the values of the remaining parameters. To this end, we perform a chi-squared analysis, using
the most recent Union 2.1 compilation [54]. We first carry out an analysis in which the parameters to be determined,
i.e., H0, q0 and j0, are not confined in any particular interval. In the second analysis, we fix the Hubble constant by
using the value obtained from WMAP 7 [54], i.e., H0 = 70.2Kms
−1Mpc−1. The results of the first and the second
analysis are presented in Tabs. I and II, respectively.
Notice that the results we obtain for q0 are compatible with the results presented in previous works [9, 10]. Moreover,
the result for j0, suggesting that j0 ∼ 1 [11, 55], is in accordance with the exact theoretical bound predicted by the
ΛCDM model. In the next section, we will show that the values of the cosmographic parameters can be used to limit
the values of the specific heat.
4H0 ≡ H(z = 0) q0 ≡ q(z = 0) j0 ≡ j(z = 0)
70.50+1.60
−1.60 −0.628
+0.085
−0.082 0.979
+0.531
−0.563
TABLE I: Summary of the numerical results obtained by using Eq. (12), with the most recent Supernovae Ia data contained
in the Union 2.1 compilation. H0 is given in units s
−1KmMpc−1. For these values we obtain χ2 = 0.975.
H0 ≡ H(z = 0) q0 ≡ q(z = 0) j0 ≡ j(z = 0)
70.30+1.40
−1.40 −0.595
+0.089
−0.085 0.816
+0.539
−0.572
TABLE II: Summary of the numerical results obtained by using Eq. (12), with the fixed value H0 = (70.30 ±
1.40) s−1KmMpc−1, as obtained from WMAP 7 [54]. In this case, χ2 = 0.973.
IV. COSMOGRAPHIC ANALYSIS OF THE SPECIFIC HEAT
To find the cosmographic series of the heat capacities, we first rewrite Eqs. (10) as
dH
dz
= H
1 + q
1 + z
,
d2H
dz2
= H
j − q2
(1 + z)2
, (13)
where we used a = 1
1+z
and dz
dt
= −H(1 + z). Moreover, in terms of z, the continuity the continuity equation in a
FLRW universe can be expressed as
1
3
dρt
dz
=
P + ρt
1 + z
. (14)
Using Eqs. (14) and (2) in the expressions for the specific heats (6) and (7), we finally obtain
CP =
V0
4piG
H2
T
′
j − 1
(1 + z)4
,
(15)
CV =
V0
8piG
H2
T
′
2q − 1
(1 + z)4
,
where we made use of dP
dz
= H
2
4piG
j−1
1+z
. Eqs. (15) show the direct measurement of the cosmographic parameters H , q
and j, at a given redshift, implies the indirect measurement of the specific heats. In particular, for a measurement at
z = 0, we have that
CP0 =
V0
4piG
H20
T
′
0
(j0 − 1) ,
(16)
CV 0 =
V0
8piG
H20
T
′
0
(2q0 − 1) .
First, notice that the sign of CP0 is determined by the sign of the expression j0 − 1. Moreover, we can see that a
positive value of CV 0 implies a decelerated universe. Therefore, to obtain a universe that is currently in an accelerated
phase, we are forced to assume that CV < 0.
Using the method of standard error propagation, from Eqs. (16) we infer the numerical bounds reported in Tab.
III. We see that the results are compatible with a zero value of CP0 and with a negative CV 0. These values are also
supported by the condition CP − CV > 0, which is essential to guarantee the stability of a thermodynamical system.
Notice that to obtain the numerical values presented in Tab. III we assume that T ′ = 1. It is clear that T ′ must be
5FIG. 1: Contour plots of j0 VS q0 at one, two and three sigma of confidence levels for the fitting results of Tab. I.
FIG. 2: Contour plots of j0 VS q0 at one, two and three sigma of confidence levels for the fitting results of Tab. II.
positive to be in agreement with the temperature evolution since the epoch after the big bang. The explicit value of
T ′ > 0 does not affect the main results of our analysis which are a negative value for CV and a value close to zero for
CP .
It is important to mention that the above numerical bounds can be confirmed in the ΛCDM model. Indeed, at
z = 0 the ΛCDM model predicts [40]
q0 ΛCDM = −1 +
3
2
Ωm , j0 ΛCDM = 1. (17)
Moreover, the jerk turns out to be fixed as j = 1 for all values of z. Consequently, in the range Ωm = 0.274± 0.015,
ΛCDM predicts that CP = 0 and CV < 0. Thus, we can conclude that our cosmographic analysis of the specific heat
of the universe is in agreement with the predictions of the ΛCDM model. Furthermore, an interesting question arises:
Is ΛCDM the most general model that is compatible with the specific heats CP = 0 and CV < 0?
We conclude that the behavior of the specific heat of the universe may suggest insights for understanding the
cosmological landscape. In the next section, we will study the consequences of a vanishing CP for all z in the context
of relativistic cosmology.
V. COSMOLOGY WITH VANISHING SPECIFIC HEAT
According to the results of Secs. III and IV, the present value of the jerk parameter is compatible with j0 = 1. This
is in accordance with the cosmological observations and seems to confirm the ΛCDM paradigm, which predicts j = 1
for all the values of the redshift z. However, ΛCDM is not the only model that can reproduce this result. Indeed, as
a direct consequence of the first of Eqs. (15), the most general perfect fluid, which reproduces the constraint j = 1,
6CP0 ≡ CP (z = 0) CV 0 ≡ CV (z = 0)
−0.030+0.748
−0.793 −1.587
+0.156
−0.151
TABLE III: Summary of the numerical results obtained from Eq. (16). We used G = 6.67 × 10−11Nm2Kg−2, V0 ≡
(
1
H0
)3
and conventionally T
′
≡ 1K. The error propagation is logarithmic. For q0 and j0 and H0, we used the values of Tab. I, and
we inserted back the explicit numerical value of the light velocity so that CP0 and CV 0 are expressed in units
J
K
. The specific
heats are expressed in powers of 1052.
satisfies the condition w ∝ ρ−1. Then, by using Eq. (14), one gets
ρ(z) = ρ0
[
1− κ(1 + z)3
]
,
(18)
w(z) = −
1
1− κ(1 + z)3
,
where κ is an integrating constant. Notice that the first equation of (18) can be interpreted as a thermodynamic
correction to the collisionless dust term.
Under this hypothesis, the Hubble rate of the corresponding cosmological model is therefore
H = H0
√
κ
κ− 1
(1 + z)3 +
1
1− κ
, (19)
which generalizes the ΛCDM model [55]. In fact, Eq. (19) reduces to ΛCDM in the limiting case κ→ 1− 1
ΩΛ
, where
ΩΛ is the cosmological constant density. In addition, we notice that P < 0, by requiring H˙ > 0.
It is important to mention that although the ΛCDM model is recovered as a special case, the interpretation of our
DE term, i.e. ΩX ≡
1
1−κ
, is not that of the vacuum energy. Its origin is a consequence of the vanishing of the specific
heat CP .
In order to fix the theoretical limits on κ and to predict its sign, we can find the corresponding temperature
evolution. So, since the universe enthalpy is a constant and the universe evolves adiabatically, for a perfect gas we
have that P = −ρ (CV − CP )T , and P = P˜ ρ
cP
cV , where P˜ is an integration constant. The corresponding EoS is
therefore w = −CV T with an explicit temperature evolution forced to be
T = T0(1 + z)
3γκe
−γ
[
1− 1
(1+z)3
]
, (20)
with γ ≡
H30V0
8piG
ΩX and T0 the temperature at our time, i.e. T0 = 2.73K.
The temperature evolution, found under the hypothesis of CP = 0 and CV < 0, agrees with the thermodynamic
results obtained in [43]. In addition, we must assume κ < 0, in order to reproduce the temperature evolution of non-
relativistic particles in standard cosmology. Thus, according to Eqs. (18), the sign of κ is able to naturally predict
an accelerated universe, without imposing any further condition on the Einstein equations. This requirement seems
to confirm the need of extending the ΛCDM model as a limiting case of a more general paradigm and candidates our
approach to be a serious alternative to the ΛCDM paradigm.
VI. CONCLUSIONS
In this work, we use standard definitions of classical thermodynamics to define the specific heats of the universe
on a cosmological background given by the FLRW spacetime and a perfect fluid as the source of the gravitational
interaction. We use the weak energy conditions to prove the positivity of the internal energy and the enthalpy, the
thermodynamic potentials that define the specific heat at constant volume and pressure, respectively.
We propose to use cosmography to relate the specific heats with quantities that can be evaluated from observational
data. In particular, we established the relationship between the specific heat and the cosmographic parameters
corresponding to acceleration q0 and jerk j0. Since the explicit value of the cosmographic parameters can be determined
7from the observed values for the redshift and the luminosity distance, we show that today the specific heat at constant
volume CV is negative and the specific heat at constant pressure CP is close to zero. These results are in agreement
with the ΛCDM model in which CP is zero and does not evolve in time.
We also analyzed the most general cosmological model which can be derived from the assumption CP = 0. It turns
out that the ΛCDM model is contained in this generalized model as a special case, and that the known problems of
the ΛCDM paradigm can be overcome in a canonical way. In fact, although we consider Einstein’s equations without
cosmological constant, the model presented here leads to an emerging cosmological constant, which, therefore, has
no reason to be associated to the vacuum energy. This fact naturally avoids the fine-tuning problem, because in
our model there is no cosmological constant in the Einstein equations that should be compared with the predictions
of Quantum Field Theory. Concerning the coincidence problem, since we assume an evolutionary barotropic factor
w = w(z), the corresponding value at z = 0 is fixed my the matter evolution itself. The fixing of this initial condition
naturally avoids the coincidence problem; in fact, it is not casual that we live in a time in which the energy density,
which explains the acceleration of the universe, has a magnitude comparable with Ωm.
Thus, we conclude that it represents a viable alternative to the ΛCDM approach. However, it is essential to perform
additional tests to show that it can be used as a realistic cosmological alternative. In particular, in the future we
expect to perform a detailed analysis of the consequences of our approach on structure formation and on the evolution
of the universe through different epochs.
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